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(1-1) $s_{0}=\{\begin{array}{l}U_{0}=0,H_{0}=He,\Theta_{0}=T_{0}-\beta x_{n}p=\rho_{0}[1-\alpha(\Theta_{0}-T_{0})]=\rho_{0}(1+\alpha\beta x_{\tau\iota})P_{0}=p_{0}-g\rho_{0}(x_{n}+\frac{1}{2}\alpha\beta x_{n}^{2})\end{array}$
$s_{0}$ $X=\{u, h, \theta, p\}$ ‘ $X$
(1.2-1)
$\frac{\partial u}{\partial t}+(u\cdot\nabla)u-P_{m}(h\cdot\nabla)h+\nabla p+P_{m}(\frac{1}{2}\nabla|h|^{2})=\triangle u+\lambda\theta e+Q\{\frac{\partial h}{\partial x_{n}}+\nabla h_{n}\}$ ,
(1.2-2) $P_{m}(\frac{\partial h}{\partial t}+(u\cdot\nabla)h-(h\cdot\nabla)u)=$ -rot rot $h+ Q\frac{\partial u}{\partial x_{n}}$ in $D$ ,
(1.2-3) $P_{r}(\frac{\partial\theta}{\partial t}+ (u . \nabla)\theta)=\Delta\theta+\lambda u_{n}$ in $D$ ,
(1.2-4) $divu=0$ in $D$ ,
(1.2-5) $divh=0$ in $D$ ,
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(1.3) $u(0,x)=u_{0}(x)$ , $h(0,x)=h_{0}(x)$ , $\theta(x,0)=\theta_{0}(x)$ $x\in R^{n-1}\cross(0,1)$ ,
$u(x,t)=0$ at $x_{n}=0,1$ ,
(1.4) $h_{n}(x,t)= \frac{\partial h_{i}}{\partial x_{n}}=0$ , for $1\leqq i\leqq n-1$ at $x_{n}=0,1$ ,
$\theta=0$ , at $x_{n}=0,1$ ,
R(square root of Rayleigh number) $=$ $\sqrt{\frac{g\alpha\beta d^{4}}{\kappa\nu}},$ $Q(square$ root of Chandrasekhar
number) $=\sqrt{\frac{\mu H^{2}d^{2}}{4\pi\rho\nu\eta}},$ $P_{r}$ ( $Prandt1$ number) $= \frac{\nu}{\kappa}$ and $P_{m}$ ($magnetic$ Prandtl number) $= \frac{\nu}{\eta}$
$g$ $\alpha$ $\kappa$ $\nu$ $\mu$ the magnetic permeability,
$\rho$ $\eta$
$d$ , $ex_{n}$
REMARK 1.1 2 rot $\overline{rot}$
rot $u= \frac{\partial u_{2}}{\partial x_{1}}-\frac{\partial u_{1}}{\partial x_{2}}$ for every vector function $u$ ,
(1.6)
$\overline{rot}\phi=(\frac{\partial\phi}{\partial x_{2}}, -\frac{\partial\phi}{\partial x_{1}})$ for every scalar function $\phi$ ,
(1.7) $\overline{rot}$ (rot $u$ ) $=grad(divu)-\Delta u$ .
(1.2-2) $\overline{rot}$ (rot $u$ ) rot(rot $u$ ) (rot $u$ ) $\cross n=0$
rot $h=0$ (1.4) $h_{2}= \frac{\partial h_{1}}{\partial x_{2}}=0$
REMARK 1.2 (1.4)
$u_{n}(x,t)= \frac{\partial u_{i}}{\partial x_{n}}(x, t)=0$ for $i\leqq i\leqq n-1$ on $x_{n}=0,1$ , $t\geqq 0$ ,
(1.8) $h(x, t)=0$ , on $x_{n}=0,1$ , $t\geqq 0$ ,
$\theta(x,t)=0$ , on $x_{n}=0,1$ . $t\geqq 0$
2.
31




$p,$ $u,$ $h,$ $\theta,$ $\frac{\partial u}{\partial x_{j}}$ . $\frac{\partial h}{\partial x_{j}}\frac{\partial\theta}{\partial x_{j}}$ are periodic in the $x$ ; direction with a period $\frac{2\pi}{\alpha_{i}}$
$1\leqq i\leqq n-1,$ $j=1,$ $\ldots n$ .
$u(h,\theta,p)$ (2.6)
(2.7)
$H_{0,p}^{1}=$ { $u\in H^{1}(\Omega)$ : $u=0$ on $\partial\Omega\backslash \Gamma_{1},$ $u$ is periodic},
(2.8)
$\mathbb{H}_{0,\sigma}^{1}=$ { $u\in H^{1}(\Omega)^{n}$ : $divu=0$ in $\Omega,$ $u=0$ on $\partial\Omega\backslash \Gamma_{1},$ $u$ is periodic},
(2.9)
$\mathbb{H}_{\sigma}^{1}=$ { $u\in H^{1}(\Omega)^{n}$ : $divu=0$ in $\Omega,$ $u\cdot n=0$ on $\partial\Omega\backslash \Gamma_{1},$ $u$ is periodic},
(2.10)
$L_{p}^{2}=$ { $u\in L^{2}(\Omega):u$ is periodic},
(2.11)
$L_{\sigma}^{2}=$ { $u\in L^{2}(\Omega)$ : $divu=0$ in $\Omega,$ $u$ is periodic}.
$\Gamma_{1}=\{x\in\partial\Omega : z\neq 0,1\}$
$\mathbb{H}_{\sigma}^{1}$
(2.12) $\int_{\Omega}u_{i}dx=0$ for $i=1,$ $\ldots$ ’ $n-1$ .
REMARK 2.1 $\mathbb{H}_{0,\sigma}^{1}$ $\mathbb{H}_{\sigma}^{1}$ (2.12) ,
(2.13) $\exists C_{1}=Constant(\Omega)$ such that $\Vert u\Vert_{L^{2}}\leqq C_{1}\Vert\nabla u\Vert_{L^{2}}$ for all $u\in \mathbb{H}_{0,\sigma}^{1}$ or $\mathbb{H}_{\sigma}^{1}$ .
$\mathbb{H}_{0,\sigma}^{1}$ $\mathbb{H}_{\sigma}^{1}$ ,
(2.14) $\Vert\nabla u\Vert_{L^{2}}^{2}=\Vert$ rot $u\Vert_{L^{2}}^{2}+\Vert divu\Vert_{L^{2}}^{2}$ ,




$\mathbb{H}_{\sigma}^{1}$ , $\Vert$ rot $\cdot\Vert_{L^{2}}$ (rot rot $\cdot$ )
REMARK 2.2
$\partial\Omega\backslash \Gamma_{1}=\{x\in\Omega : x$ . $=0,1\}$ and $n=(0,0, \pm 1)$ or $r\iota=(0, \pm 1)$ .
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$u\cdot n=0$ and (rot $u$ ) $\cross n=0$ on $\partial\Omega\backslash \Gamma_{1}$
$u_{n}= \frac{\partial u_{n}}{\partial x_{i}}=0$ for $i=1,$ $\ldots$ ,nn–lon $\partial\Omega\backslash \Gamma_{1}$ .
$V=\mathbb{H}_{0,\sigma}^{1}\cross \mathbb{H}_{\sigma}^{1}\cross H_{0,p}^{1}$ ,
(2.16)
$\mathbb{H}=L_{\sigma}^{2}\cross L_{\sigma}^{2}\cross L_{p}^{2}$ .
V, $\mathbb{H}$ V
$\Phi,$ $\Psi\in V,$ $\Phi=(u, h, \theta),$ $\Psi=(v, k, \zeta)$ ,
$((\Phi, \Psi))_{1}=(\nabla u, \nabla v)+P_{m}$ ($roth$ , rot $k$ ) $+P_{r}(\nabla\theta, \nabla\zeta)$ ,
(2.17)
$\Vert\Phi\Vert_{1}=((\Phi, \Phi))_{1}^{1/2}$ .




$(\Phi, \Psi)_{1}=(u, v)+P_{m}(h, k)+P_{r}(\theta, \zeta)$ ,
(2.19)
$|\Phi|_{1}=(\Phi, \Phi)_{1}^{1/2}$ .






REMARK 2.3 V, $\mathbb{H},$ $V’$ ,
(2.22) $V\subset \mathbb{H}\subset V’$ ,
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(2.23) the injection of V into $\mathbb{H}$ is compact.
rot rot
$\mathcal{A}_{1}$ : $\mathbb{H}_{0,\sigma}^{1}arrow(\mathbb{H}_{0,\sigma}^{1})’$
(2.24) $\{\mathcal{A}_{1}u, v\}=(\nabla u, \nabla v)$ for $u,$ $v\in \mathbb{H}_{0,\sigma}^{1}$
$(\cdot, \cdot)$ $L^{2}$
$\mathcal{A}_{1}u=-f,$ $f\in L_{\sigma}^{2}$ \Omega :
$-\Delta u+\nabla p=f$ in $\Omega$ ,
$divu=0$ in $\Omega$ ,
(2.25)
$u=0$ on $\partial\Omega\backslash \Gamma_{1}$ ,
$u$ is periodic.
(2.26) $\Vert u\Vert_{H^{2}}+\Vert p\Vert_{H^{1}}\leqq C_{2}\Vert f\Vert_{L^{2}}$ .
rot rot $\mathcal{A}_{2}$ : $\mathbb{H}_{\sigma}^{1}arrow \mathbb{H}_{\sigma’}^{1}$
(2.27) \langle $\mathcal{A}_{2}u,$ $v$ } $=$ ( $rotu$ , rot v) for $u,$ $v\in \mathbb{H}_{\sigma}^{1}$
rot rot $u=f$ in $\Omega$ ,
$divu=0$ in $\Omega$ ,
(2.28)
$u\cdot n=0$ , (rot $u$ ) $\cross n=0$ on $\partial\Omega\backslash \Gamma_{1}$ ,
$u$ is periodic.
(2.31) $\Vert u\Vert_{H^{2}}\leqq C_{3}\Vert f||_{L^{2}}$ .
$\mathcal{A}_{3}$ : $H_{0,p}^{1}(\Omega)arrow(H_{0,p}^{1})’$
(2.32) { $A_{3}u,$ $v\rangle$ $=(\nabla u, \nabla v)$ for $u,$ $v\in H_{0,p}^{1}$
$-\Delta u=f$ in $\Omega$ ,
(2.33) $u=0$ on $\partial\Omega\backslash \Gamma_{1}$ ,
$u$ is periodic.
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(2.34) $\Vert u\Vert_{H^{2}}\leqq C_{4}\Vert f\Vert_{L^{2}}$ .
$D(\mathcal{A}_{1})=\mathbb{H}_{0,\sigma}^{1}\cap \mathbb{H}^{2}$ ,
(2.35) $D(\mathcal{A}_{2})=\mathbb{H}_{\sigma}^{1}\cap \mathbb{H}^{2}$ ,
$D(\mathcal{A}_{3})=H_{0,p}^{1}\cap H^{2}$ .
$A,$ $A$ : $\mathbb{H}arrow \mathbb{H}$ ,
(2.36) $\mathcal{A}=\mathcal{A}_{1}\cross P_{m}^{-1}\mathcal{A}_{2}\cross P_{r}^{-1}A_{3}$ ,
$A=\mathcal{A}_{1}\cross A_{2}\cross A_{3}$ ,
$D(\mathcal{A})=D(A)=\{\mathbb{H}^{2}(\Omega)\cross \mathbb{H}^{2}(\Omega)\cross H^{2}(\Omega)\}\cap V$







$m_{1}+m_{2}+m_{3}> \frac{n}{2}$ if some $m_{i}= \frac{n}{2}$ ,
or
$m_{1}+m_{2}+m_{3} \geqq\frac{n}{2}$ if all $m_{i}\neq 0$ ,
$b_{1}$ and $b_{2}$
(2.39)
$|b_{1}(u, v,w)|\leqq C_{5}(\Omega)|u|_{H^{m_{1}}}|v|_{H^{m_{2}+1}}|w|_{H^{m}s}$ for $aUu\in \mathbb{H}^{m_{1}},$ $v\in \mathbb{H}^{m_{2}},$ $w\in \mathbb{H}^{m_{3}}$ ,
$|b_{2}(u, \theta_{1}, \theta_{2})|\leqq C_{5}(\Omega)|u|_{H^{m_{1}}}|\theta_{1}|_{H^{m_{2+1}}}|\theta_{2}|_{H^{m_{3}}}$ for $aUu\in \mathbb{H}^{m_{1}},$ $\theta_{1}\in H^{m_{2}},$ $\theta_{2}\in H^{m_{3}}$ .
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$b_{1}(u, v, v)=0$ for all $u\in \mathbb{H}^{1}$ and for $v\in \mathbb{H}^{1}$ ,
(2.40)
$b_{1}(u, v, w)=-b_{1}(u, w,v)$ for $u\in \mathbb{H}^{1}$ and for $v,$ $w\in \mathbb{H}^{1}$ .
$b_{2}(u, \theta, \theta)=0$ for $u\in \mathbb{H}^{1}$ and $\theta\in H^{1}$ ,
(2.41)
$b_{2}(u, \theta_{1}, \theta_{2})=-b_{2}(u, \theta_{2}, \theta_{1})$ for $u\in \mathbb{H}^{1}$ and $\theta_{1},$ $\theta_{2}\in H^{1}$ .
$\mathcal{B}$ $V\cross V\cross V$
(2.42) $\mathcal{B}(\Phi_{1}, \Phi_{2}, \Phi_{3})=b_{1}(u_{1}, u_{2}, u_{3})-P_{m}b_{1}(h_{1}, h_{2}, u_{3})+P_{m}b_{1}(u_{1}, h_{2}, h_{3})$
$-P_{m}b_{1}(h_{1}, u_{2}, h_{3})+P_{r}b_{2}(u_{1}, \theta_{2}, \theta_{3})$ for $\Phi_{i}\in V,$ $i=1,2,3$ ,
$B$ : $V\cross Varrow V’$
(2.43) $\langle B(\Phi_{1}, \Phi_{2}), \Phi_{3}\rangle=\mathcal{B}(\Phi_{1}, \Phi_{2}, \Phi_{3})$ for 41 $\Phi_{i}\in V,$ $i=1,2,3$ .
$\mathcal{B}(\Phi_{1}, \Phi_{2}, \Phi_{2})=0$ for $aU$ $\Phi_{i}\in V,$ $i=1,2$ ,
(2.44)
$\mathcal{B}(\Phi_{1}, \Phi_{2}, \Phi_{3})=-\mathcal{B}(\Phi_{1}, \Phi_{3}, \Phi_{2})$ for all $\Phi_{i}\in V,$ $i=1,2,3$ .
(2.45) $n=2$ $|\mathcal{B}(\Phi_{1}, \Phi_{2}, \Phi_{3})|\leqq C_{8}|\Phi_{1}|^{\frac{1}{2}}\Vert\Phi_{1}||^{\frac{1}{2}}||\Phi_{2}\Vert|\Phi_{3}|^{\frac{1}{2}}\Vert\Phi_{3}||^{\frac{1}{2}}$ for $\Phi_{i}\in V,$ $i=1,2,3$ ,
$(2.46)n=3$ $|B(\Phi_{1}, \Phi_{2}, \Phi_{3})|\leqq C_{9}|\Phi_{1}|^{\frac{1}{4}}\Vert\Phi_{1}\Vert^{\frac{3}{4}}\Vert\Phi_{2}\Vert|\Phi_{3}|^{\frac{1}{4}}\Vert\Phi_{3}\Vert^{\frac{3}{4}}$ for $\Phi_{i}\in V,$ $i=1,2,3$ .
(2.47)
$n=2$ $|\mathcal{B}(\Phi_{1}, \Phi_{2}, \Phi_{3})|\leqq C_{8}|\Phi_{1}|^{\frac{1}{2}}\Vert\Phi_{1}\Vert^{\frac{1}{2}}\Vert\Phi_{2}\Vert^{\frac{1}{2}}|A\Phi_{2}|^{\frac{1}{2}}|\Phi_{3}|$ for $\Phi_{1}\in V,$ $\Phi_{2}\in D(\mathcal{A}),$ $\Phi_{3}\in \mathbb{H}$ ,
(2.48)
$n=3$ $|\mathcal{B}(\Phi_{1}, \Phi_{2}, \Phi_{3})|\leqq C_{9}|\Phi_{1}|^{\frac{1}{4}}\Vert\Phi_{1}\Vert^{\frac{3}{4}}\Vert\Phi_{2}\Vert^{\frac{1}{4}}|\mathcal{A}\Phi_{2}|^{\frac{3}{4}}|\Phi_{3}|$ for $\Phi_{1}\in V,$ $\Phi_{2}\in D(\mathcal{A}).\Phi_{3}\in \mathbb{H}$,
3. Existence and Uniqueness
(MBP)
(MBP). \Phi 0 $=(u_{0}, h_{0}, \theta_{0})\in \mathbb{H}$ ,
$\Phi=(u, h, \theta)$
(3.1) $\Phi=(u, h, \theta)\in L^{2}(0, T;V)$ ,
(3.2)
$\frac{d}{dt}(\Phi, \Psi)_{1}+((\Phi, \Psi))+\mathcal{B}(\Phi, \Phi, \Psi)-\lambda\langle M_{1}(\Phi), \Psi\rangle-Q\langle M_{2}(\Phi),$ $\Psi$ ) $=0$ for all $\Psi\in V$,
(3.3) $\Phi(0)=\Phi_{0}$ .
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$\Psi=(v, k, \zeta)$ ,
(3.4) $\{M_{I}\Phi,$ $\Psi\rangle$ $=(\theta e,v)+(u\cdot e,\zeta)$ ,
(3.5) $\{M_{2}\Phi, \Psi\}=(\frac{\partial h}{\partial z},v)+(\frac{\partial u}{\partial z}, k)$ .
$\Phi$
$\Phi_{0}\in V$ ,
(3.6) $\Phi\in L^{2}(0, T;D(\mathcal{A}))\cap L^{\infty}(0, T;V)$ ,
$\Phi$
$A,$ $M_{i},$ $B$ (3.2)
(3.7) $\frac{d}{dt}T(\Phi)+A\Phi+B(\Phi, \Phi)-\lambda M_{I}(\Phi)-QM_{2}(\Phi)=0$ .
$T(\Phi)=(u, P_{m}h, P_{r}\theta)$ .
REMARK 3.1 (3.3) .
$\Phi\in L^{2}(0, T;V)$ ,
(38) $A\Phi,M_{1}(\Phi),$ $M_{2}(\Phi)\in L^{2}(0,T;V’)$ .
$\mathcal{B}$ , $\Psi\in V$ ,
$\mathcal{B}(\Phi, \Phi, \Psi)=-\mathcal{B}(\Phi, \Psi, \Phi)$ .
$|\mathcal{B}(\Phi, \Phi, \Psi)|=|\mathcal{B}(\Phi, \Psi, \Phi)|\leqq\Vert\Phi\Vert^{2}\Vert\Psi\Vert$
$B(\Phi, \Phi)\in L^{1}(0, T;V’)$ ,
$\frac{d}{dt}T(\Phi)\in L^{1}(0, T;V’)$ .
(3.3)
31. \Phi 0 $=(u_{0}, h_{0}, \theta_{0})\in \mathbb{H}$ $\forall T>0$ , \Phi $=(u, h, \theta)$
(3.11) $\Phi\in L^{2}(0, T;V)\cap L^{\infty}(0, T;\mathbb{H})$ , $\Phi\in C_{w}(0, T;\mathbb{H})$ .
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(1) $R^{2}$ , $\Phi$
(3.12) $\frac{d}{dt}T(\Phi)\in L^{2}(0,T;V’)$ ,
(2) $R^{3}$ , $\Phi$




(3.14) $\sup$ $|\Phi|_{1}\leqq C_{8}$ ,
$t\in[0,T]$
where $C_{8}=|\Phi_{0}|_{1}^{2}e^{2\lambda\max\{1}$ ‘P
$-1$ } $T$ .
2 3
3
3.2. For given $\Phi_{0}=(u_{0}, h_{0}, \theta_{0})\in V$ ,
(1) in $R^{2}$ , for any $T>0$ , th $e$ solution $\Phi$ satisfies
(3.15) $\Phi\in L^{2}(0, T;D(A))\cap L^{\infty}(0, T;V)$ ,
(2) in $R^{3}$ , there exis$ts\tau*=T^{*}(\Omega, \Vert\Phi_{0}\Vert)>0$ and on $[0, T^{*}]$ , there exists a unique
solution $\Phi$ to Problem $MBP$ which satisfies








$\sup$ $\Vert\Phi(t)\Vert_{1}\leqq 2(1+\Vert\Phi_{0}\Vert)$ ,
$t\in[0,T^{*}]$
(3.18) $\int_{0}^{T^{*}}|\mathcal{A}\Phi(t)|^{2}dt\leqq C_{18}(1+\Vert\Phi_{0}\Vert^{2})^{3}$ ,
$T^{*}=C_{19}(1+\Vert\Phi_{0}\Vert^{2})^{-2}$ .
38
4. CRITICAL RAYLEIGH NUMBER
$\Phi=0$ (\mbox{\boldmath $\lambda$})
$\overline{A}(\lambda)=A-\lambda M_{1}-QM_{2},0<\lambda$ .
$\tilde{A}(\lambda)$ , $\lambda_{1}$ $0$ $\lambda$ $\Phi$
$- \Delta u+\nabla p-\lambda\theta e-Q\{\frac{\partial h}{\partial z}+\nabla h_{z}\}=0$ ,





REMARK 4.1 $Q=0$ , , rot rot , 2 $h=0$
,
$Q\neq 0$ , $h$ $Qh$ (4.1) ,
$- \Delta u+\nabla p-\lambda\theta e-Q^{2}\{\frac{\partial h}{\partial z}+\nabla h_{z}\}=0$ ,










V $I_{Q}[\Phi]$ rot rot $h- \frac{\partial u}{\partial z}=0$ .
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4.1.






$\Phi_{m}\in V$ converge weakly to $\Phi$ in V,
$\Phi_{m}$ converges to $\Phi$ in $\mathbb{H}$ .
$\lim_{marrow}\inf_{\infty}\Vert\Phi_{m}\Vert\geqq\Vert\Phi\Vert$ ,
$\lim_{marrow\infty}(u_{m}, \theta_{m}e)=(u, \theta e)$
rot rot $h- \frac{\partial u}{\partial z}=0$ $n$ the distribution sense.
$\lim_{marrow}\sup_{\infty}I_{Q}[\Phi_{m}]\leqq I_{Q}[\Phi]$ .
$I_{Q}$
$B\searrow$ V –2\mbox{\boldmath $\lambda$}11(Q) $X:k\text{ _{}0}$
(2) $0$
$2(u_{0},\theta_{0}e)((\Phi_{0}, \Phi))_{2}=\{(u,\theta_{0}e)+(u_{0}, \theta e)\}\Vert\Phi_{0}\Vert_{2}^{2}$ ,
$((\Phi, \Psi))_{2}=(\nabla u, \nabla v)+Q^{2}$ (rot $h$ , rot $k$ ) $+(\nabla\theta, \nabla\zeta),$ $||\Phi||_{2}^{2}=((\Phi, \Phi))_{2}$
$\frac{2(u_{0},\theta_{0}e)}{\Vert\Phi_{0}\Vert_{2}^{2}}((\Phi_{0}, \Phi))_{2}=(u, \theta_{0}e)+(u_{0}, \theta e)$ ,
$((\Phi_{0}, \Phi))_{2}=\lambda_{1}(u,\theta_{0}e)+\lambda_{1}(u_{0},\theta e)$ ,
$-(\Delta u_{0}+\lambda_{1}\theta e,u)-Q^{2}$ (rot $h_{0}$ , rot $h$ ) $-(\Delta\theta_{0}+\lambda_{1}u_{0}\cdot e, \theta)=0$ .
(rot $h_{0}$ , rot $h$ ) $=$ ( $h_{0}$ , rot rot $h$ )
$=-(h_{0}, \frac{\partial u}{\partial z})$
$=( \frac{\partial h_{0}}{\partial z}, u)$ ,
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$( \Delta u_{0}+\lambda_{1}\theta e+Q^{2}\frac{\partial h_{0}}{\partial z}, u)+(\Delta\theta_{0}+\lambda_{1}u_{0}\cdot e, \theta)=0$ .
V , $\Phi_{0}$ (4.2) $p$
REMARK 4.1 $(VFLEP)_{0}$ $\lambda_{1}(0)$ , $I_{Q}$
$\lambda_{1}(Q)$
(4.4) $0<Q<Q’$ , $0<\lambda_{1}(0)<\lambda_{1}(Q)<\lambda_{1}(Q’)$,
$\Phi=0$ .
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